Abstract. We generalize the representation theorem of Junge, Neufang and Ruan in [2] , and some of the important results which were used in its proof, to the case of actions of locally compact quantum groups on von Neumann algebras.
Introduction and Preliminaries
In [2] the authors have investigated the quantum group analogue of the class of completely bounded multiplier algebras which play an important role in Fourier analysis over groups, by means of a representation theorem. They, indeed, generalized and unified earlier results in the commutative [6] and co-commutative [7] settings. Beside its elegance, their representation theorem has proven to have very important applications. In particular, this result enables them to express quantum group duality precisely in terms of a commutation relation. Moreover, it provides a systematic way of producing interesting and non-trivial quantum channels, and more surprisingly, to explicitly calculate some important quantities associated to them, such as the c.b. minimal entropy [3] .
All this has motivated us to investigate this representation theorem further. We see that the main point behind these results is the fact that a locally compact (quantum) group acts on itself, by left (right) multiplication. Therefore, we consider the comultiplication as a left action of a locally compact quantum group G on itself, then replace L ∞ (G) by a von Neumann algebra on which G acts, and discuss the representation results.
First, let us recall some definitions and preliminary results that we will be using in this paper. For more details on locally compact quantum groups we refer the reader to [5] .
is a co-associative co-multiplication, and ϕ and ψ are (normal faithful semi-finite) left and right Haar weights on L ∞ (G), respectively.
The reduced quantum group C * -algebra associated to G is denoted by C 0 (G), which is a weak * dense multiplication on M(G) given by the convolution
* as a norm closed two-sided ideal. Therefore, for each ω ∈ M(G), we obtain a completely bounded map
) the space of all completely bounded left centralizers of
It turns out that the map m ω in (1.1) is a left centralizer of L 1 (G). Therefore, we obtain the natural
where the first inclusion is completely isometric homomorphisms, and the second one is a completely contractive homomorphism. These algebras are typically not equal. We have
if and only if G is co-amenable, i.e., L 1 (G) has a contractive (or bounded) approximate identity.
Let N be a von Neumann algebra, a left action of
The action α is called ergodic if the fixed point algebra
spans a weak* dense subspace of L ∞ (G), and we say that α is strongly faithful if
is weak* dense in the unit ball of L ∞ (G). α is said to be co-faithful if the span of
is weak* dense in N .
The Representation Theorem
Consider an action α of a locally compact quantum group G on a von Neumann algebra N . Let θ be an normal semi-finite faithful weight on N , and let K be the GN S Hilbert space of θ. It is proved in [8,
such that this unitary is a corepresentation of G, i.e.,
By [8, Proposition 3.7] , the unitary U α also satisfies the following
whereĴ and J θ are the modular conjugations of the dual Haar weightφ, and θ, respectively. Using (2.1), we can extend α to an actionα
Then one can easily conclude the following.
One of the main points in the representation theorem of [2] was to find a canonical extension of m
the first obstacle that arises in the attempt of generalizing the representation theorem to the case of Gspaces is that in this setting there is not, in general, any canonical way to assign to
and an action α : G → Aut(N ) we can define the map Θ α (µ) on N by
Also, in the case of actions of locally compact quantum groups
The formula (2.5) coincides with (2.4) when G = G, and both coincide with m * , when N = L ∞ (G). So, before anything, we have to find Θ α (m) on N , analogues to the above maps, for the case of a quantum
, then there exists a unique completely bounded normal map Θ α (m) on
Proof. Let x ∈ N . Then we have
Hence, by [8, Theorem 2.7], we get
Therefore we can define a map Θ α (m) :
Since α is an * -isomorphism and m * is a completely bounded normal map, we conclude that Θ α (m) is a completely bounded normal map on N . Uniqueness follows from (2.6), which then implies the last part
for some completely bounded normal maps Φ :
Proof. We have
which implies, since α is faithful, that
Since α is injective, it follows that Φ = Θ α (m).
The following theorem is our main result, which generalizes the main representation theorem of [2] . Then there exists a completely contractive anti-homomorphism
Moreover, If α is strongly faithful, the map Θ α is completely isometric.
Proof. By Theorem 2 (considered for the actionα), for every m ∈ C l cb (L 1 (G)) there exists a normal map
Then, for y ∈ N we obtaiñ
Sinceα is injective, this impliesΘ α (m)(zŷ) =Θ α (m)(z)ŷ. Similarly we obtaiñ
Hence, for all m ∈ C l cb (L 1 (G)) we obtainΘ
It is obvious from (2.7) thatΘ α is linear. Moreover, let m, n ∈ C l cb (L 1 (G)), then we have
It is seen from (2.7), that Θ α andΘ α are completely contractive maps. Now, suppose that α is strongly
which shows that Θ α is an isometry. In fact, similarly we can see that Θ α is completely isometric. Then,
, we conclude thatΘ α is completely isometric.
Remark 5. The representation map in [2] was also proved to be onto. But this is not the case in the setting of left actions, as the following example shows. It seems that the surjectivity, results from the fact that G acts on itself from both left and right, and that left centralizers are the commutant of the right centralizers, and vice versa. This is also suggested by the following example.
Example 6. Consider the action of the additive group of integers (Z , +) on the unit circle T by irrational rotations. This action is known to be ergodic. For h ∈ L ∞ (T) and f ∈ L 1 (T) we have
Now consider, for example, the Dirac function δ 0 ∈ l ∞ (Z), and suppose that F ⊂ Z is a finite subset not including 0. Then choose a closed interval I around 1 ∈ T such that I ∩ α −1 n I = ∅ for all n ∈ F . Denote by χ I the characteristic function of I, then for f = 1 length(I) χ I and h = χ I in (2.8) we get (ι ⊗ f ) α(h)(0) = 1, and (ι ⊗ f ) α(h)(n) = 0 for all n ∈ F . This shows that we can choose a sequence follows that the action α is strongly faithful. Now, for the Dirac measure δ −1 concentrated on −1 ∈ T, consider the map
Then, obviously there cannot be m ∈ C l cb (l 1 (Z)) = l 1 (Z) such thatΘ α (δ −1 ) =Θ α (m), sinceΘ α is injective [2] . Hence,Θ α is not onto.
The following is a consequence of Theorem 4.
Corollary 7. For every z ∈ B(K) we have
Remark 8. In [2] , similar result as Corollary 7 was proved directly, then used to define the canonical extension mapΘ.
In the rest of the paper, we look at some of the main results that have been used in the proof of the representation theorem of [2] , and will prove analogue results in our setting.
Proof. We easily see that α ′ is a * -isomorphism. Moreover, using (2.3) we have
Hence, we get
Lemma 10. We have
If R denotes the unitary antipode of a locally compact quantum group G, then we have R(x) =Ĵ xĴ , which is a result of the fact thatĴ
The following theorem gives a generalization of this fact, whence, a way to define a 'unitary antipode' on the 'dual' of a G-space.
Theorem 11. We have
Proof. Similarly to the proof of Proposition 1 we can show that (2.10)
Now, the left hand side of (2.10) is equal to J θ B(K)αJ θ by Lemma 10, and the right hand side is equal toN ′ by the definition. Hence, from Proposition 1 we conclude
It is known for a locally compact quantum group G that
which becomes a very powerful tool when dealing with normal maps on B(L 2 (G)). This result is also crucial in the proof of main results in [2] . In the following, we prove a generalization of this result.
Theorem 12. If α is ergodic and co-faithful, then we have
where NN is the weak* closure of the linear span of the set { yŷ : y ∈ N,ŷ ∈N }.
Proof. Let f, g ∈ L 1 (G) and y ∈ N , using (2.2) we have
We claim that the last term is in NN . To see this, letŷ ∈N and x ∈ L ∞ (G), then
Since the span of 
which completes the proof.
Combining Theorems 11 and 12, we obtain the following.
Corollary 13. If α is ergodic and co-faithful, then we have
We note that the co-faithfulness condition assumed in Theorem 12 is a very weak condition. In fact, any action of any discrete group on a von Neumann algebra N is co-faithful. This is clear since (δ e ⊗ ι)α is the identity map on N . In particular, for the action of integers on the unit circle discussed above, all the ingredients for the proof of the representation theorem of [2] hold, which yet, prove to be insufficient for surjectivity. Moreover, using Theorem 4 one can easily see that any action of a discrete quantum group is co-faithful.
Also, boundary actions provide (non-trivial) examples of quantum group actions α who satisfy conditions of Theorem 12. Let µ ∈ M(G) be a state, the (noncommutative) Poisson boundary of µ is defined as
where m µ is the convolution operator (see 1.1). Then H µ is a weak* closed operator system in L ∞ (G), and moreover, it is a von Neumann algebra with the Choi-Effros product (for more details we refer the reader to [1] and [4] ). Then the restriction of Γ defines an action of G on H µ . This action is clearly ergodic since it is the restriction of Γ. Moreover, if G is co-amenable, and (e i ) is a bounded approximate identity for L 1 (G), then (e i ⊗ι)Γ(x) → x in the weak* topology for all x ∈ L ∞ (G), and so it follows that in this case the action is also co-faithful.
Remark 14. As an application of Theorem 4, in the finite dimensional case, we can produce a class of quantum channels coming from actions of quantum groups on finite dimensional von Neumann algebras.
It will be interesting to investigate the properties of these quantum channels, similarly to [3] .
